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Fluctuations in turbulent Rayleigh—Bénard convection: The role of plumes
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Our unifying theory of turbulent thermal convectip@rossmann and Lohse, J. Fluid. MectD7,

27 (2000; Phys. Rev. Lett.86, 3316 (200); Phys. Rev. E66, 016305 (2002] is revisited,
considering the role of thermal plumes for the thermal dissipation rate and addressing the local
distribution of the thermal dissipation rate, which had numerically been calculated by Verzicco and
CamussiJ. Fluid Mech.477, 19(2003; Eur. Phys. J. B35, 133(2003]. Predictions for théocal

heat flux and for the temperature and velocity fluctuations as functions of the Rayleigh and Prandtl
numbers are offered. We conclude with a list of suggestions for measurements that seem suitable to
verify or falsify our present understanding of heat transport and fluctuations in turbulent thermal
convection. ©2004 American Institute of Physid®OI: 10.1063/1.1807751

I. INTRODUCTION in the case of th&ineticdissipation rates,. Here the numeri-
cal simulation®’ indeed show that for the kinetic dissipation
Turbulent Rayleigh—Bénard convection is one of therate the bulk contribution becomes dominant for large Ra,
classical problems of fluid dynamics. For recent reviews wgust as our theory predicts.
refer to Refs. 1 and 2; for an earlier review to Ref. 3. In Sec. Il we will make a suggestion how one might
One of the key questions is: How do the Nusg&lt)  properly include also théhermal plumesin addition to the
and the wind Reynold@Re) number depend on the Rayleigh thermal boundary layers on the top and bottom plates. We
(Ra) and PrandtlPr) number?(The dependence on the as- understand these plumesaetachedhermal boundary layer.
pect ratiol” is not considered here; we take=1. Predictions  Correspondingly, both thermal plumes and thermal boundary
on the aspect ratio dependence of Nu and Re have bedayer are assumed to have the same characteristic length
given in Ref. 4) For a long time it had been believed that scale, namely\,, the thickness of the thermal boundary
there were power law dependences of Nu and Re on Ra ardyer. Following this thought, the thermal dissipation raje
Pr, though there was a fierce debate on the values of thean then be split into two differently scaling contributions:
power law exponents. Recent experiments by varioushe thermal dissipation due to the plunm@dogether with the
groups*?seem to suggest that the Ra and Pr dependences #mooth parts of the Bley, and the thermal dissipatiog) g
general are more complicated than simple power laws. Thisf the turbulent backgrounig,
finding has been predicted by our recent unifying theory on
turbulent thermal convectioft >
In that theory the volume averaged kinetic dissipationThermal plumes seem to be extended in the direction in
rate eu:v([&iuj(x,t)]2>\,,t and the thermal dissipation ratg ~ which they are advected. The observations reported in
= k([ & 0(X,t)]2>v,t are split into their boundary and bulk parts, Refs. 18 and 19 suggest that the thermal plumes are mainly
which are then modeled with the corresponding length, vesheet-like structures rather than mushroom-like structures,
locity, and temperature scales in the bulk or boundary layesvhich would occur from a point-wise heat source. The same
respectively. This leads to certain scaling behaviors of thds suggested by numerical simulations of thermal convection
individual terms of the balances,= e+ €, s and e, by F. Toschi (private communication Funfschilling and
=€gpui* €980, DUt NOt to pure scaling of NRa,Pj (see Fig. Ahlers'® explain the sheet-like structures with the flow orga-
2 of Ref. 14 and RéRa,Py (see Fig. 3 of Ref. 15 nization in the thermal BL just beyond the onset of convec-
Though we are not aware of experiments which are intion therein. This flow organization is in roff. 1t is the
consistent with our theoretical results for (Ra,Py and extension in the second dimension which makes their experi-
Re(Ra,Py, there is a recent numerical finding that requiresmental detection easier and more likely. The plume signa-
reconsideration of our theory: Verzicco and Camtfsand  tures will be discussed in Sec. Il C.
Verzicca’ numerically found that the ratio af, 5 andeg Equation(1) turns out to be a slight modification or ex-
is basically independent of Ra, whereas our theory suggestgnsion of our previous interpretation only, namely, the inclu-
that the bulk part of the thermal dissipation rate should takéion of the “detached” boundary layegsiumes in the ther-

over for large Ra. The theory also says that the latter is trughal dissipation rate. There will be no change in our previous
quantitative results for Nu and Re as functions of Ra and Pr.

€9= €gpgt €gpl- (1)

3Electronic mail: grossmann@physik.uni-marburg.de T_he Physical reason behir_1d this §plitting irig and pl
PElectronic mail: d.lohse@utwente.nl contributions is the close relation ef with the heat flux Nu.
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Based on our unifying theory, we are able to make prediceago thermal convection theo%%/.We had viewed it as a
tions on the heat flux carried by the turbulent backgroundstrong point of our theory that no statement on the plumes
fluctuation and by the plumegSec. Ill). If one wants to was necessary, but perhaps after all one has to realize that
check these predictions against experiments, one of courggumes play a really important role for both the heat transfer
must develop an algorithm to separate the plume events iand the fluctuations.

time series of the temperatu¢and possibly of the simulta-

neous transversal velocjtfrom the turbulent background.

Recently, Chinget al. developed such algorithAt. Similar ~ Il. REVISITING OUR UNIFYING THEORY OF THERMAL
algorithms have been developed by Sreenivasan angONVECTION

co-workers?? Based on the splitting of the flow in plume and a_ Decomposition of dissipation rates

background contributions, we can make predictions for the ) ) o )
local heat flux at the sidewallevhich is plume dominated As stated already in the Introduction, the main idea is to

and the local heat flux in the centavhich is turbulent back- split the kinetic dissipation rate into its boundary and bulk
ground dominated contributions, whereas the thermal dissipation rate is parti-

The second issue we want to address in this paper are tﬁ:@ned into the turbulent background and plume contribu-
temperature and the velocifjuctuations(Sec. V), extend-  tlons,

ing our considerations of Sec. V of Ref. 4. In our unifying 3

theory* > we have expressed the kinetic and the thermal €= z(Nu- DRaPF?= €,gL + €upuiko 3
dissipation rates in terms of large scale quantities character-

izing the energy input rates. However, the dissipation rates A2

are also connected with the small scale local fluctuations, €5= KFNU:&‘@M"' €0,0g- (4)

relevant for the energy dissipation or “output” rate. We will

use the results from our unifying theory to make predictionsThe first equality in each row represents an exact relation
how the fluctuations should depend on both Ra and Pr. It willvhich can be obtained from the Boussinesq equations by
turn out to be useful and necessary to distinguish betweeimtegrating the respective dissipation rate over the whole vol-
the thermal background fluctuatios§, and the thermal fluc-  ume of the cell, employing the respective boundary condi-
tuations caused by plume,, similarly as done by Wunsch tions (cf., e.g., Ref.  The relations of course only hold in
and Kersterf? The total thermal fluctuation& are described the limit of ideal boundary conditions.

by the root mean square of the sum of both,

(6')%= (6h)% + (6),)2. 2
) , . The kinetic dissipation rates are modeled just as in Refs.
Depending on where in the cell the fluctuations are meaj3_1g namely, as

sured, they will be either dominated by the plume fluctua- 5
tions or by the background fluctuations. The photographs and € o~ VU_M (5)
movies of the Xia and Tong grougsee, e.g., Ref. 24, in WBEN 2L

particular, Fig. 2 of that papgesuggest that the sidewalls are

plume dominated, and the center is background dominate(f’f‘,n

potentially leading to different scaling behaviors. Indeed, €y~ UL, (6)
that fluctuations can scale differently at different locations in . . . _ ,

the cell has been found by Daya and EGk&Most Ra and ~ 'eSPectively. HerdJ is the large scale wind velocitdefin-

Pr number dependences for the temperature and velocit)9 Re=UL/v), and )‘“. is the kinetic BL W'dth both at the
fluctuations found in those papers will turn out to be consis- lates and at the sidewalls. We consider the BL as of

: I , Blasius—Prandtl type, as long as there is no transition to tur-
tent with our predictions. However, the Pr dependencé’ of . —
found in Ref. 26 is definitely stronger than what we will bulence in the BL. Then,~L/vRe, cf. Refs. 29 and 30 and

obtain within our theory. We cannot resolve this discrepancy.sﬁgmlclj [; ;a;ogﬁgﬁ;g:t;gr;ki:;)Sust'pj\};‘?gh'tif 2;%‘;2‘3 tg;‘tt'rt]e

So we present our theoretical prediction and suggest to r le wind. That wind of has it iqin in th
measure? (P in a larger Pr range and at different locations |/9¢ Stal€ wind. that wind of course has Its origin in the
heating, but by self-consistently solving Eg3) and(4) this

in the cell. . : : . . .
is automatically considered, just as explained in Refs. 13 and

Section V contains a summary of the paper and an ex=" °. X ) ) .
tended list of suggestions for measurements, which seert” N detail. Recently it has been sholWthat in fact it is the

suitable to verify or falsify our theoretical framework for the thermal plumes which initiate the wind.
understanding of the hgat fluxes and the fluctuations in turb_ Plumes as detached thermal BL
bulent thermal convection.

The main feature of our reconsideration of the global  We now model the two contributions to the thermal dis-
transport properties and of the local fluctuations is that thesipation rates in the decompositigd). Consider first the
role of thermal plumes has been stressed more than we ditiermal dissipation rate due to the smooth parts of the ther-
before. Thermal plumes have long been known to occur irmal BL and the plumegdetached thermal BL For small
thermal convection. Their life-cycle had been visualized bydegree of convective turbulence this is the more relevant
Zocchiet al?” and they played a prominent role in the Chi- contribution. Our ansatz is

B. Kinetic dissipation rate
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A2 No D. BL thicknesses

.= O sheet

€opl K 2L Npi ™ (@) 1. Kinetic BL thickness \,

- 0,35 -

Here we have assumed that the smooth parts of the thermal We recollect Prandtl’s line of argumefits®**and his
BL and the plumes have the typical temperatitrand that ~ equation for the flow in the BL
the typical scale of changes is the thermal boundary layer 5\ +u.0,u, = vifu,. (10
width \,. . ’ . . .

The factor,/L in Eq. (7) is a geometric factor, repre- \We rescale with the typical velocity scéleand with the cell
senting the volume ratio of the thermal BL or the detachedeightL, but differently inx direction(longitudina) and inz
thermal BL(plumes to the total volume. It reflects the idea direction(transversa|

that the characteristic width of a plume scales in the same 5 _y/ T =u/U (12)

way as the thermal boundary layer does. For the thermal BL Lo e

this seems obvious. For the detached thermaljBumes it 3= \RezL, T, = \'Feu U (12)
/ y Z_ J Z y

implies that a lateral extension of lengthL has been as-

sumed, i.e., that theelevantstructures for the thermal dissi- in order to achieve the parameter independent form
pation are mainlysheet-likerather than mushroom-like, at ~ o

least initially, when they detach from the thermal BL. Later, G + Tl = 5T (13
they may decay to mushroom-like structures, whose numbe&xeither this equation, nor the accompanying incompressibil-
then is of ordelL/\,. Indeed, sheet-like structures have beenity equation U, +l,=0, nor the boundary conditions de-
observed in various experiments and simulatittis:’”  pend on the viscosity or on Reét/» explicitly. Therefore
Originially mushroom-like structuréas also seen in experi- also the solution to this equation cannot depend on Re and is
ments and simulation"*"*j may occur, too, but for them thus universal. When Re is changed, the flow pattern under-
the corresponding geometric factor would(g/L)? i.e., of  goes a similarity transformation according (1) for the
higher order(in \,/L) correction as compared to the two- |ongitudinal quantities and according 2) for the transver-
dimensional sheet-like structures. Therefore, they are lessal quantities. In particular, the widtk, of the kinetic BL
relevant for the thermal dissipation caused by the plumes. litself scales as

Sec. Il A we will give a further argument that the sheet-like A~ L/RE2 (14)
structures are the relevant ones for the thermal dissipéfion u
and in Sec. IIG we offer a physical mechanism for theand the typical transversal velocity as
evolvement of the sheets out of the thermal BLs. _ 2 15
Finally, the last factoszeetin Eq. (7) represents the Uz ~ U/Re™. (19
average number of sheet-like plumes being around. Note that \We note that Eq(13) can be reduced to an ordinary
upper and lower thermal BL are included in this number aslifferential equation(ODE) by introducing the similarity
two pronounced sheetst\lgﬁ1eet is expressed and calculated variable

from the plume shedding frequen and the average —

plume |ife§merp|, g frequendyheq 9 n=2zyU/l2vx =7\ 2% (16)

Nsheet

e f e (8) and the stream function
p shed’pl-

The plume lifetimer,, in which it looses its temperature W(x,2) = V2uxUyd ), (17)
contrast by thermal diffusivity, is determined by the thick- finally leading tG%3°*°3¢
nessh, of the (detacheglboundary layer, S

'+ Y =0 (18

Tpl ~ A2k, 9 . . B B B
with the boundary conditiong{(0)=¢'(0)=0 and ¢/’ (~)=1

Here we have assumed that the main mechanism for plumghich can be solve®®*%®We stress that this reduction to an
destruction is thermal diffusion. However, for very large ODE is not necessary in order to make the statemehty
Prandtl and Reynolds numbers turbulent migihmay be- and(15) on the scaling of the kinetic BL thickness and the
come the dominant process. transversal velocity.

As seen from the above, the thermal BL widthplays a
central role in the theory. In our previous publicatibaﬁ%5
we us_ed scal_ing argur_nents to derive t_his thickness. In th% Thermal BL thickness X,
following section we will employ more rigorous arguments,
based on similarity transformations of the underlying thermal =~ Now simultaneously with Prandtl's BL equatighO) the
BL equation, leading to the same result as before, and beintpermal boundary layer equation
consistent with the results in textbooks on boundary layer _
theory, see e.g., chapter 9 of Schlichting’s textbook Ref. 29 B+ Uzd;0= 136 (19)
or Ref. 34. has to be solved. As the buoyancy term contributes only to

The plume shedding mechanism and the shedding frethe equation fowu,, which is not considered here, tempera-
quencyfg,e.qWill be discussed in Sec. Il G, together with the ture is assumed to be passive. There is no room to scale the
resulting average plume numbuﬂ‘ee.t velocities differently than done in Sec. Il D 1. With
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B(n) = 6(x,2)/A (20)
and the similarity ansat¢l6) and(17) one obtains
9"+ Pryd’ =0, (21)

with ¢(#) determined by Eq18). Equation(21) implies that

Fluctuations in turbulent Rayleigh—Bénard convection 4465

0" +3776' =0, (30
with the boundary conditions~9(0):1 and ~6’(00):0. This
ODE can be solved to obtain the explicit temperature profile
in the BL. From the similarity transformatiof29) and the
scaling of\, Eq. (14) one immediately gets E@26) as scal-

the structure, thickness, and even the scaling behavior of tH89 of thermal transversal lengths in this large Pr regime.
thermal BL depend on Pr, i.e., are nonuniversal. As shown by

Pohlhauseri;"*’ Eq. (21) can be solved exactly, giving the 4, Thermal BL thickness N, for small Pr (lower
temperature profile in the BL. In the context here only theregime)

scaling of its transversal length scale is relevant, i.e., the

scaling of the thickness, of the thermal BL. It scales &5
Ny /L ~ C(Pn/Re"?Prt3, (22)

Here,C(Pr) is an infinite alternating series given in Ref. 34.

Correspondingly,

Nu ~ Re"2Pr/3iC(Pr). (23

Equation(23) holds as the thermal BL thickness is defined

The small Pr regimgso-called lower is defined by
Mu<\, Then thez dependence of the longitudinal velocity
can be neglected in the thermal Bly(x,z)=U(x). With
some similarity transformatiofas detailed in Ref. 29this
approximation allows to reduce the thermal BL equatit®)

to the ODE

9" +270 =0, (31)

with the temperature gradient directly at the platesWith the boundary conditiong(0)=1 andé(=)=0. It has the

ILOMa(z=0)=—A/(2\ ). Indeed, from this definition ok,
and the definition of the Nusselt number

1
N = — {0 (2) = ki O)a (2] 24
one obtains
L
U= 2_)\0 (25)

becausai,(z=0)=0.

3. Thermal BL thickness
regime)

N\, for large Pr (upper

For large Pe1 the series forC(Pr) converges to
C(PP=1.*implying

N\~ L/(Re"?Pri3)
and

Nu ~ Re"?pr/3

in this large Pr regime.

More insight into the physics of this largso-called up-
pen Pr regime, defined by the condition,> \,, is obtained
by the observation that the temperature fiéld,z) sees a
linear velocity profile

(26)

(27)

Ug(%,2) = U<x)§, (28)

u
0=<z=\y, and\, given by (14). Plugging this profile into
the thermal BL equatiol9), the similarity transformation

U\v3
7;22(-) (9kx)~13

N (29)

sqution@( n)=1-erf(7), giving the explicit temperature pro-
file in the thermal BL. All scaling relations relevant in the
context of this paper can already be seen from the special
caselU(x) = U, where the similarity transformation is particu-
larly simple, namely

(32)

From Eq.(32) [and from its generalization to genefa(x)]
one immediately obtains

Ay~ L/(Re P12 (33

for the scaling of thermal transversal lengths and therefore
Nu ~ Re2 prt/2 (34)

in the low Pr regime.

All relations for Ay, and Nu of this and the preceding
section are analogous to those in Chapter 9 of Schlichting’s
textbook(see Table 9.1 of that bopland are consistent with
our earlier(less rigorougtreatment in Refs. 13-15.

E. Crossover from small to large Pr regime

The essence of the difference between the small Pr re-
gime (lower) and large Pr regim@uppel is that in the lower
regime the relevant velocity scale in the thermal BL is the
large scale velocity), whereas in the upper regime it is only
UNg/N,. In Refs. 14 and 15 we have modeled the smooth
transition between both with a transition functid(x)=(1
+x4 714 of the variablex,=\,/\, The relevant velocity then
is Uf(xy), both in the lower and in the upper regime, since
fi=f(x—0)=1 and f,=f(x—®)=\,/\,~Pr¥3 Corre-
spondingly, in the dimensionless equations of the lower re-

gime we have to replace Re by Re)),
Re— Ref(A\/\p), (35

in order to obtain expressions which hold both in the lower

allows one to reduce the thermal BL equation to an ODEand in the upper regime. Indeed, it is easy to show that the

namely,

replacement Re:Re\,/\, in the lower regime expressions
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(33) and (34) for the thermal BL thickness and the Nusselt plume shedding frequency is determined by the heat flux
number, respectively, lead to the corresponding expressiorfg,eq~J, which has units Km/s. The relevant temperature
(26) and(27) in the upper regime. and length scales to compensate the dimension Km aed

\g respectively. Therefore

F. Laminarity and time dependence
J K
The Prandtl equationgl0) and (19) are time indepen- fshed™ VIE: Nu?. (36)
6

2
dent and therefore the resulting solutions are understood to L
describe laminar flow. However, evidently, high Rayleigh\yjth Egs.(9) and (8) we immediately Obtaim;llweetN 1, in-
number thermal convection is time dependent. Therefore ongependent of Ra and Pr. This instability mechanism also may

wonders whether above scaling laws or, \,, and Nu still  expjain why sheet-like plumes can evolve: They result from
hold for time-dependent flow. This is the case, provided thajne instability of the convection rolls in the thermal BL.

the viscous BL does not break dovjwhich only happens With Nu~ \fRePr Eq.(36) also implies
around a BL thickness based Reynolds number between 320
(Ref. 10 and 420(Ref. 30 and leads to the primed regimes fehea~ UT/L. (37)

in our phase diagram, as extensively discussed in Refs.
13-15. Indeed, temporal changes on the time s¢ale of ~ IndeedUf is the velocity seen at the edge of the thermal BL,

the wind can easily be included by addingl, and g-9, namely,U in the lower regime andJ\,/A, in the upper
where T=tU/L, without changing the parameter indepen-reg'me’ and therefore E¢37) |s_plau3|blt_a. We also notg that
dence of(13) or adding additional parameter dependences irFq' (3{373)9 seems to be conS|§tent with the e>.<per.|mental
(21). Thus the Re and Pr scaling is not changed result®® for the plume shedding frequency which in fact
Let us note that the time dependent BL equations aIIovvhad befqre be_en theorgtically predicf‘é?drhe physical pic-
for additional solutions with stronger time dependences thaf're behind this theory is as follows: Hot plumes detach anq
on the convective scale/U. This can be attributed to the 2'© slowly advected by the large scale wmd'. O”FG they hit
plume detachment and within our model is contained in thel;h_e upper thermal boundary Iayer,_a_ _fa_st distortion travels
“background” term, which contains these intermittent break-\""thIn _the upper boundary layer, initiating a cold plume
downs or bursts of the BL, see Sec. lll A. The respectiveWh'Ch is then slowly advected downwards, where the same

time scale isdt~\,/u, and it is shorter tharL/U (if u, mecga”'sm. IS relpeat‘?d' e hedding f

~U). The corresponding strong increase dfis compen- . or stat|st|_ca stationarity t € Inverse shedding frequency
sated by the termu,d,~u,/\, describing the advective fsheqiS Proportional to the traveling time

change ofu, with the heightz through detachment. The lon- L

gitudinal advectionu,d,~U/L here is smaller by a factor Trapel ~ T2 (38)
\o/L~Nu. Also the viscous term is small in comparison Ut
with the advective termi,d,, i.e., viscosity does not break the
plume detachmentvd?/u,d,~ v/ (U\y) ~Nu/Re which de-
creases with Ra q(in the primed regimes and in |\6f our
phase diagrainis at most Ra independent.

of (hot) plumes from the bottom to the top. Comparison with
the plume lifetimery, leads to 7,/ Tiape1™~ Tpifsheq~ 1. This
means that th¢hot) plumes do reach the upper side of the
cell without dissolving on their way, a result which is experi-
mentally confirmed through visualizations in glycdPr

G. Number of plumes and plume shedding frequency =596 24

The number of sheet-like plum Pee‘can be estimated Knowing the scaling of the number of sheet-like plumes
as follows: If we take in(7) the left-hand sidelhs) e,,  Np'®*'we can now discuss the correction due to mushroom-
~kA2L2Nu, we find from Eq. (4 that L™Nu like plumes in more detail. The thermal dissipation by

~L7\G'NG®e thus N5'®®~ (X 4/L)Nu~const, independent mushroom-like plumes should be

of Ra and Pr. The independeri\si§WeeL 1 on Ra and Pr holds 5 5

both in the lower and in the upper regime. é““,Sh~ KA_<M> leush_ (39)
The same result can be obtained through physical rea- op A% L P

soning. We assume that the thermal BL gets unstable once ) ) o

the Rayleigh number based on the BL thickness, Ra Comparison with the thermal dlssdghatlon E{) for sheet-

=BgAN3/ (vk) exceeds some critical Rayleigh number for thelike p'“stiS show%?hgt as long Ngl does not grow faster

onset of convection. Upward convecti¢éor downward con- th&r‘:th, T~ Nu, egpis only a h|ghenrmcs)hrder correction to

vection at the upper platef a fluid element in an unstable € » which we therefore neglect. K™~ Nu, then both

layer near Raleads to the formation of convection rolls. contributions scale the same and again nothing would

Here, in the unstable thermal boundary layer it leads to £hange.

motion which continues into the bulk as a detaching part of L

the BL, i.e., as a sheet-like plume, which will be advectedH' Thermal dlssu_oatlpn rate due to plumes and

away by the large scale wind. The consequence of this plumsémomh BL contributions

separation is that the BL has locally cooled down and must Summarizing all results of the last sections and plugging

warm up to the temperature difference of ordeagain. This them into Eq.(7), one obtains the thermal dissipation rate

is achieved through the heat flix NuxA/L. Therefore, the due to the plumes and the smooth BL contributions,
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AZ
€opl ™~ K3 Re'2prt/2 £1/2, (40)

I. Turbulent background

The turbulent background thermal dissipation rajg
originates from the large scale input, thus

UfAZ  A?
~ k— Re Prf.

€gbg ™ T L2 (41

Fluctuations in turbulent Rayleigh—Bénard convection 4467

Note that the numerical simulations of this so-called “homo-
geneous Rayleigh—Bénard turbulerfée®are also consistent
with the Prandtl number dependence in this ultimate regime
(regime 1V in the phase diagram of Refs. 13)1Bamely,
Nu~Ra’?Pr’2 and Re~ Ra?Pr/2,

(g) The effective Re vs Ra scaling exponéfur fixed
Pr=5.5 is around 0.45239:51.52

(h) The local scaling of Re vs Pr shows two regimes: For
fixed Ra=16 the small-Pr effective exponent is —0.60 and
the large-Pr effective exponent —1.0, see Fitp) &f Ref. 15.
The numerical results obtained two years later for the respec-

Note that as in our previous publications we have assumetive exponents are —0.607+0.013 and -0.998+0.61m

that the relevant large scale time scal& i$Uf), not simply

both theory and numerics the crossover is around PrThe

L/U. In the lower regime withf,=1 this is of course the experimental result by Larat al!?is RePr ~ Pro%for Pr

same, but in the upper regime with=A,/\, these two

scales differ. Our choice is consistent with our result for the

shedding frequencyB7).

J. Summary

With Egs.(40), (41), (5), (6), (3), and(4) we thus arrive
at the very same Eq$5) and (6) of Ref. 15 for the kinetic

between 6 and 1400.

The major disagreement of our theory with experiment is
on the thickness of the kinetic BL at the top and bottom
plates which scales as,/L~Ra?1653% much weaker
than suggested by the theoky/L ~Ra %23 However, the
sidewall scaling of the kinetic BL thickness found in those
papers does agree with theoretical prediction. A possible so-

and thermal dissipation rate balances, respectively, but nottion of this problem has been suggested by us in Ref. 4.

with the refined interpretation that the first term of E4). (of

Ref. 15 represents the smooth BL as well as the plume con
tribution (detached boundary layeto the thermal dissipa-

Ill. HEAT FLUX

tion, and the second term describes the turbulent backgrourfd Global heat flux

contribution. All numbers remain the same, and in particular

the predictions for the global, external quantities(Ra, Pj
(Fig. 2 of Ref. 14 and RéRa, Py (Fig. 3 of Ref. 15 and for
the phase diagrartFig. 2 of Ref. 15.

In the following we briefly summarize the agreements of

our theory with experimental data for R, Py and Ré€Ra,

Pr). For a more detailed discussion and more references

refer to our original publicationjf.‘15
The agreements are as follows.

Hitherto, the core of our argument has been based on the
dissipation rates, and not on the heat flux E4). From our
point of view this approach is the easier one, as the thermal
dissipation rate is a quantityuadraticin 6 (or, to be precise,

in 4,0), whereas in Eq(24) 6 enters linearly, and statements
on correlations are necessary. However, the thermal dissipa-

Wffon rate €y is intimately related to the heat flux Nu via the

exact Eq.(4), €,/(kA%/L?=Nu. This is a remarkable rela-
tion, as on the left-hand side we havevalume average

local scaling exponen?sg?

(b) For fixed Ra and in the low Pr regime the theory
correctly gives a Nu vs Pr effective scaling exponent around

0.14 as found in various experiments and simulatiris*

the cross-sectionf the cell atany arbitrary heightz,
€y 1

——=Nu=—-— 42
KkA2L 2 ! kAL™L (42)

(U0 (2) = kILO)a(2)].

(c) For large Pr the curve N@Pr) saturates and even The averagé:--),(2) is taken over thdull area parallel to

slightly decrease¥. Even the absolute numbers very nicely the ground at height and over time. Clearly, the turbulent
agree with our predictions made prior to the experiment. background and the plume contributions ég with their

(d) For fixed Pr and Ra up to 1bthe various measure- different scaling behaviorSeG,bg/(KA2/L2)~f Re Pr and
ments made for NiRa) can be accounted for within our €,/ (kA%/L?) ~ f2Re’? P2 must be present also on the
theory. For small Pg1 the effective exponent is close to right-hand side of Eq42). This must hold forany heightz,
0.25* for large Pr=1—-7 it is around 0.28.:910:28.44-46 since the heat current, i.e., the right-hand idis), is inde-

(e) Beyond Ra=18 our theory is consistent with the pendent ofz. This, in particular, means that there must be
Oregon measurements on Nu vs Raot with the Grenoble turbulent background contributions to the heat fluk Re Pr
data’®*"*®However, a transition towards a steeper effectivealready for very smalt in the boundary layer and vice versa
exponent closer to 1/2 can be explained by the instability oplume contributions~ 2 Re'? Pr*/? at any heightz. Figure
the kinetic BL to be expected around Ra0°° This insta- 2 of Ref. 24 suggests that fa~L/2 at least for glycol
bility, however, should first arise in the Oregon data as thos€Pr=596) the plume contributions are concentrated close to
achive higher Ra. the sidewall boundaries and the background contributions are

(f) Once the thermal and kinetic boundary layers aremore in the center of the cell. In any case, we know that for
eliminated in numerical simulations and replaced by periodia@any heightz from the two terms in Eq42) there can only be
boundary conditions, the ultimate scaling regime with Nucontributions~f Re Pr and~fY2Re"2Pr’2 to the dimen-
~Ra2 shows up? as predicted by our unifying theory. sionless heat fluxNusselt number but those contributions
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evenmustbe there. Realizing this, it is by the way not sur- Prandtl type similarity analysis which is not applicable for
prising that the ratio of the thermal dissipation rate in thethe turbulent bursts, but only for the smooth parts of the BL.
plate boundary layers and the thermal dissipation rate in a For heights in the middle of the celsay, z=L/2) the
region with z outside the plate boundary layers is constantsecond term~d{6)a(z) in Eq. (42) does not contribute as
i.e., independent of Ra, as found in Ref. 16: For any planghe mean temperature in the center is about constant. The
with constantz both contributions ~fY2Re2Pr/2 and  first term ~(u,f),(2) again must have two contributions,
~f Re Pr, originating from plumes and background, respecene corresponding to the plumes with the smooth BL type
tively, must contribute, and always in the same ratio. scaling

This argument supports our earlier ans@tgon the di-
mensionality of the plumes relevant for the thermal dissipa- (U0)ypepri(2=LI2) ~ fl2 REl2 ppi2
tion, namely, that they are sheet-like rather than mushroom- kAL™? '
like. Indeed, for very smallz the dimensionality of the ]
thermal structure is out of question: It is the two-dimensiona@"d one corresponding to the turbulent background
thermal BL itself. Due to the independence of above ratio, (U ey cbgi(2= L12) fUA
also the relevant thermal structures for largenust be two- = ~ =1
dimensional, i.e., sheet-like rather than mushroom-like. The AL <AL

predict?on of our theory, theref_ore, is that at any height ope expects that thi,y} e pl are preferrably near the side-
sheet-like thermal structures existr at least decayed sheet- wall, while {x,y} € bg will predominantly be in the center
like thermal structures region.

Let us now have a more detailed look at relatid@) for
various heightz. For z=0 we had done so already in Sec. g. [ ocal heat fluxes
I D 2. The first term on the rhs of Eq42) vanishes as

(47)

~ f Re Pr. (48)

u,(z=0)=0 and the second term givéd(2\,), resulting in Global heat flux measurements can of course 'only give
the known relation25) between Nu and. . the sum of plume gnd turbulent background contrlbutlon's.
For nonzeroz but z still within the boundary layer we Howe_ver, in local S|multane0us_measurements_of the ve_rtlcal
estimate velocity and the temperature it may be possible to disen-
tangle plume and turbulent background contributions. In-
— ki OazeBL) L F112 Rell2 pyi2 (43  deed, in a recent paper Chireg al? offer an algorithm to
kAL Ny ' detect plumes in time series of the vertical velocity and the

. . . temperature. If the heat transfer associated with the plumes
This relation not only follows from the estimate, but more .
. . . and with the background can be calculated from that algo-
rigorously from relationg34) and(27), under the assumption . L . -
. . . ithm, it will be possible to check the predictioi47) and
that the Prandtl type analysis of chapter Il is applicable to a . . .
48) on the respective scaling behavior.

least the smooth parts of the thermal BL. The same argument . . .
. : For the time being we must make use of the experimen-
applies to the smooth, plume-like part of the other term

. 24 . .
(U0 (AL, for which we split the area average tal observatiofi* that forz=L/2 and close to the sidewall the

. flow is dominated by plumes, whereas in the center the tur-
(-at(2) into an average over the turbulent background or, yDp

) ) b ) he | q bulent background fluctuations dominate the flow, and
Intermittent urs,t regions across the a})ﬂeap an averageé  pjymes only occur occasionally. Therefore we predict that
over the plumes’ and smooth BL parts’ regions,

the local heat flux close to the wall should scale more like
¢ at@ = ¢ Vxgrebgt@ + ¢ ixyreple2) (44) (47), whereas the local heat flux in the center should scale

o more like (48),
For example, for the plume and smooth BL contributions we

have to conclude that Nu(sidewal) ~ 2 Re"2 prt/2, (49
<U20>{x,y}1p|,t(12 €BL _ f1/2 Re2 ppi/2 (45) Nu(centej ~ f Re Pr. (50)
KAL™

The two scaling relations are shown in Figs. 1 and 2. For
also due to Eqgs(34) and (27). For small degree of turbu- \,sidewal) the local slope in the low Ra regime is around

lence this is the dominant contribution, but for increasing R&y 55 tor all Pr. This value is very similar to what has been

the thermal BL will more and more often become unstable¢, 4 by Tong and collaborators for the measurements of the
leading to intermittent bursts, which form kind of a turbulent local Nusselt number close to the sidewall, in experiments in

background. The heat flux associated with these events MUStater with Ra up to 18 (Tong, private communicationin

scale as the center of the cell Tong and collaborators found a much
(Uz0)ixy1cbgt(Z € BL) fUA steeper local slope in that Ra regime. Our theoretical result
AL ~ AL f Re Pr. (46)  of a slope around 0.44 for Ncentey and Pr=5.5 is clearly

consistent with their measurement. Note that for small Ra the
Note that for the estimate of these turbulent backgroundbsolute values of Nuentej are of course much smaller
bursts we use thingitudinal velocity fU felt at the edge of than those for N(sidewal), as in that small Ra regime most
the thermal BL. We consider this as more appropriate than tof the heat is transported by the large scale v@fh@.nly for
use the transversal velociiyl5), as it originates from the much larger Ra the heat flux through the center takes over.
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3 " . " one succeeds to fully separate the heat flux due to the plumes
and the heat flux due to the turbulent background.

That the splitting of the cell into sidewall and center
regions is not unreasonable is also supported by the recent
results of Xia and collaboratotswho found that the rotation
frequencies of the inner core and of the outer large scale
wind show different scaling with Ra, namely; kL ?R&*
and ~kL?R&®, respectively.

sidewall 0A7

center

C. Temperature-velocity correlations in the plume
dominated regime

log,, Nu(local)

Pr=0.1,1.0, 10., There is an interesting corollary from E7) for the

s bottom to top heat transport in the plume dominated regime. The relation
-1 ' ' ' suggests that in that regime the correlation between tempera-
6 8 10 12 14 ture and vertical velocity scales as
Io910 Ra (U0 xy1epi ( L> kAL"WWfRePr f

z=—|~——"""""~ ",

FIG. 1. Nusidewal) (solid black lineg and Nycentej (gray lineg as func- <uz>{x,y}e pl,t< ‘9>{x,y}epl,t 2 UA Nu

tions of Ra for Pr=10", 1¢°, and 10, bottom to top. The local slopes for (51)

Nu(sidewal) typically vary between 0.21 and 0.17 for Pr=10 and 0.23 and

0.17 for Pr=10% The local slopes for Nigentej typically vary between . . . . . .

0.43 and 0.34 for Pr=10 and 0?46 and'\é.34 foyr ny;loy Y i.e., like 1/Nu in the lower regime and like Pf/Nu in the

upper regime. Here we have assumed that at midheight the
typical upwards plume velocit(u,yyicpi~U and Nu
The experiments by Tong and collaborators suggest that this VfRePr. Physically, indeed the res(fitl) makes sense as
would be the case at Ra=%0 one expects that the correlation between temperature and up-
In the high Ra regime the local scaling exponents ofwards velocity gets weaker with increasing Nu, due to the
Nu(local) vs Ra are around 0.17 for Ksidewal) and 0.34 increasing degree of turbulence. The predictibh) for the
for Nu(centey, respectively. For fixed Rayleigh numbers be- plume dominated regime is open to experimental validation.
tween 18 and 18 the local slopes of Niocal) as function ~ One could, e.g., measure the temperature-velocity correlation
of Pr are as follows: For Ngidewal) around 0.22 for small close to the sidewalls where the plume density is particularly
Pr and around —0.04 for large Pr and for (Sentey around  high*
0.45 for small Pr and around -0.05 for large Pr, see Fig. 2.
To our knowledge none of these exponents has been mea-
sured up to now. Note again that these values only hold oncg, | ycTUATIONS

A. Temperature fluctuations

sidewall The results from our unifying scaling theory feg and
Z -0.04 thus Nu can also be used to make predictions on the scaling
2 22 ] of the fluctuations. The total thermal dissipation rate @&.
0: has two contributions with different Re and Pr scaling,

namely, turbulent background and plumes, E@kl) and
(40). The same should hold for the temperature fluctuations
(2). Both the(square of thetemperature fluctuations and the
thermal dissipation rates asalditive The background ther-

log,, Nu(local)

0 mal dissipation rate corresponds to the background thermal
center fluctuationse,,
_1 4 AZ (0’ 2
Ra=10%, 10°, 10", 10", €qpg~ 3 Re Prf ~ KJ)—:;Z , (52)
bottom to top ’

-2 . . : where 7,=«%4/€/*=Pr34; is the inner thermal length
-4 -2 0 2 4  scale, which scales ag,~LPr3“Re3* due toe,~U3/L.
Here, n~LRe%* is the Kolmogorov length. From E52)

log,, Pr

one immediately obtains

FIG. 2. Nusidewal) (solid black lineg and Nucentej (gray lineg as func- 0.

tions of Pr for Ra=1§ 10°, 10'°, and 16, bottom to top. For N(sidewal) by priapeliagliz (53)
the local slopes in the small Pr regime are around 0.22 and those in the large A

Pr regime around -0.04. For kientej the local slopes in the small Pr

regime are around 0.45 and those in the large Pr regime around —0.05. For the plume thermal fluctuatiorﬂéﬂ it must hold
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6 8 10 12 14
log,, Ra log,, Pr

FIG. 3. ‘%gl/A (solid black lines and 6/ A (gray lines as functions of Ra £y 4. ¢; /A (solid black lineg and ¢,/A (gray lineg as functions of Pr
for Pr=10", 1€, and 10, top to bottom. Forg},,/A the local slopes typi- o Ra=16, 1¢°, 101, and 16 top to bottom. Fom,,/ A the local slope in

cally vary between ~0.13 and ~0.16 for Pr=10 and ~0.11 and ~0.16 fOfe |arge Pr regime is about —0.24, that one in the small Pr regime about
Pr=10". For ¢,/A the local slopes typically vary between -0.11 and -0.09 _q 11 "Forg/, /A the local slope in the small Pr regime is also about —0.11,

: b
for all given Pr. that one in the large Pr regime about 0.01.

’\2
€901 ~ KA_Z Rel2 pl/2fli2 K(_‘gzi_ (54) view of the large difference in the local scaling exponents for
op L2 \g /A and for 6;,/A we consider new measurements of the

Pr dependence of the temperature fluctuations at various lo-

Here we have used, as the typical length scale of the cations in the cell as worthwhile.

plumes. UsingL/\,~ fY?Re'?Pr”2 as above for the(in-
versg thickness of the detached thermal boundary layer wey Velocity fluctuations

obtain '

The (bulk) velocity fluctuationsu’ are estimated within

% _ fUA R4 pp1/4 (55)  the same spirit and as in Ref. 15, namely,
A 1
U3 (u/)z
which for small Pr, whera <\, and thusf=1, interestingly €ubulk ™ T T 7 (56)

has the same scaling as for the background thermal fluctua-

tions. In general, the thermal background and plume fluctuatesulting in

tions add according to Eq2). The relative weight of the u  Ré€

background and the plumes may vary depending on the exact — == ~ Re, (57)
I - U Re

position in the cell: Close to the sidewalls the plumes may

dominate; in the center the background may dominate. The dependence of RERe on Ra and Pr is shown in Figs. 5
In Figs. 3 and 4 we show the temperature fluctuations aand 6. The local exponent of Rd&ke vs Ra is —0.11 for all

function of Ra and Pr. These results are based o(RReP)  shown Pr numbers. The local exponent of RRe vs Pr is

and Nu(Ra, Py as produced by our unifying theoly°The  between 0.17 and 0.21 for the Ra shown in Fig. 6, with a

resulting dependence af /A on Ra(Fig. 3) with a local tendency to be slightly larger in the large Pr regime. From

slope between -0.11 and -0.16 seems to be consistent witfigs. 4a) and 3b) of Ref. 15 we extract a local scaling law

the experimental results. For example, Daya and Ede Re~R&4%Pr!%for Ra around 19-10"and Pr around 2-12

measured’ /A ~Ra 102002 jn water; Niemelaet al’ get  where the experiments by Daya and Ecke took pfitésing

6'/A~Ra®1% in helium gas; Castaingt al”® get /A  these values we obtain from their given local scaling expo-

~Ra 7 also in helium gas. nents for Ré the following: Ré/Re~Ra'Pr with N be-
The resulting dependence 6f/A on Pr(Fig. 4) reveals tween 0.05 and 0.01 ang=0.20+0.03. While the Pr expo-

local scaling exponents of around —0.11 for b@[,la/A and nent seems to be in very nice agreement, the Ra expanent

0,’3,/A in the low Pr regime. In the large Pr regime we have aeven seems to have a different sign than in experiment. How-

local slope of about +0.01 fof, /A and of about —0.24 for  ever, already in chapter 5 of Ref. 4 we had mentioned that in

frg! A. All these dependences are much weaker than the exact it is consistent with the experimental results in Refs. 12,

ponent —0.38+0.04 which had been found in the experiment&5, and 26. Moreover, other research@ef. 56 had given

by Daya and Ecké for (large) Pr between 2 and 12. We X values between —-0.02 and —0.11, though for a square cell.

have no explanation for this discrepancy. It will remain theClearly, more experimental data are needed also for the rela-

only one with experiment. In view of this discrepancy and intive velocity fluctuations.
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0 T r r wire signals in bubbly flow in order to identify bubbles
touching the hot wire may be useful for further plume iden-
Pr=10' tifications.

We close the paper with a list of detailed predictions
following from our theory, which should be checked against
experimental and numerical observations.

(i) The area averaged thermal dissipation rate should be
the same in any plan@f some small widthwith given fixed
distancez from the ground, just as the total area average
Nu(z), which should be independent of heightdue to heat
flux conservation.

(i) A consequence of this statement is that at any height
z sheet-likgi.e., two-dimensionalthermal structures should

-2 . ' L exist (or at least decayed sheet-like thermal structuess
6 8 10 12 14 dominate the thermal dissipation of the plume part, just as
assumed in our ansatZ). Three-dimensional flow visualiza-
Io910 Ra tions will be necessary to check this prediction.

(iii) The number of sheet-like plumeg®*'is constant,
independent of Ra and Pr. In case of mushroom-like plumes
their numbemM™"s"does not increase stronger thaiu. If
they developed from the decay of sheet-like plumes, their
number would scale as-L/\,~Nu, satisfying this upper
V. CONCLUSIONS AND SUGGESTION FOR threshold.

MEASUREMENTS (iv) For large Pr, when the flow is organized in a con-

The central idea of this paper was to split the thermaivection role, the thermal dissipation rate should peak close to

dissipation rate and the thermal fluctuations into a back{he sidewalls as there it is dominated by the plumes.
ground contribution and a plume contribution. Though from (V) The plume—doménatzed part of tlt‘ze thermal dissipation
flow visualization it is easy to visually identify “plumes,” it Should scale ag,p/ (<A%/L%) ~ (RePf)™ with f~1 in the

: o : ; _ i _prli3; :
is by far nontrivial to disentangle temperature signals intdOWer regime and ~Pr=~in the upper regime.

plume and nonplume contributions, though first attempts (V) The background—domlnzateéj part of the thermal dis-
have already been mad&?' What may be easier is to iden- SiPation should scale &g,/ (<A%/L?) ~RePf. .

tify “large plumes.” For those clearly the predicted scaling (Vi) The thermal fluctuations should scale according to
€opil (kA2/L2) ~Re“2PR/21/2 should hold, whereas the tur- Figs- 3 and 4.

bulent background, which should scale likgyq/ (xA2/L?) (viii ) In particular, the Pr dependence of the temperature
~RePf, may be contaminated by the contributions from fluctuations close to the sidewall, where the plumes domi-

“small plumes.” Pattern recognition methods used for hotate, should beveakerthan in the center of the flow.
(ix) The velocity fluctuations should scale according to

Figs. 5 and 6.

(X) In the plume-dominated regime the normalized cor-
relation (u,0)/ ({u,(6)) scales like~1/Nu in the lower re-
gime and like~Pr3/Nu in the upper regime.

(xi) Perhaps the most important and interesting predic-
tion is that thelocal heat flux should show a stronger Ra
dependence in the turbulent background fluctuation domi-
nated center of the cell than close to the plume-dominated
sidewalls. If one succeeds in a full separation of the heat flux
into a contribution due to plumes and one due to the turbu-
lent background fluctuations, the repective scaling should be
as shown in Figs. 1 and 2.

FIG. 5. u'/U=R€/Re as function of Ra for Pr=18 1¢°, and 18, bottom
to top. The local slopes are around -0.11.
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